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Abstract

In this paper, multi-objective control of a half-car suspension system using linear matrix inequalities is studied. It is

observed that when tire damping is precisely known, road-holding quality of the suspension system can be improved to

some extent by the design procedure while ride comfort and compactness of suspension rattling space are only slightly

affected as tire damping coefficients are increased. In the absence of tire damping information, a robust controller is

designed for a suspension system with polytopic tire damping uncertainties. In contrast to multi-objective control of

quarter-car models with polytopic tire damping uncertainties, this robust design does not offer any advantage over an

active suspension system designed by neglecting tire damping. The results, based on the assumption that the front and the

rear road velocity inputs are uncorrelated white-noise processes, demonstrate that the body pitch significantly impacts the

closed-loop performance of the active suspension system. This implies that decomposition of a half-car model into two

independent quarter-car models by a linear transformation is not realistic for a study of the performance limitations and

the trade-offs.

r 2008 Elsevier Ltd. All rights reserved.
1. Introduction

In the automotive industry, there is considerable interest for the development of active and semi-active
suspensions, which can significantly improve both vehicle ride and handling when compared to conventional
passive suspensions [1–8]. From the early 1960s, starting with simple quarter-car models, optimal control
theory was used to establish the potential benefits of active suspension systems. Constraints and trade-offs on
achievable performances have also been studied [9–14].

In Refs. [10,11], constraints on achievable frequency responses were derived from an invariant point
perspective. A mechanical multi-port network approach was developed in Ref. [13] to study the performance
capabilities and constraints. In Refs. [13,14], for a quarter-car model of an automotive suspension a complete
set of constraints on several transfer functions of interest from the road and the load disturbances were derived
ee front matter r 2008 Elsevier Ltd. All rights reserved.
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by making use of the factorization approach to feedback stability and the Youla parameterization of
stabilizing controllers. These constraints typically arise in the form of finite and non-zero invariant frequency
points and the growth restrictions on the frequency responses and derivatives at zero and infinite frequencies.

In most works, tire damping is neglected when modeling automotive active suspension systems. This is
partly due to the fact that tire damping is difficult to estimate since it depends on many factors i.e., size,
applied pressure, free or rotating, new or worn, all season or snow, etc. [15,16]. In fact, tire damping by itself
has little influence on the wheel-hop vibration since this mode is mainly damped by the shock absorber. The
ignorance of damping in tire models compelled misleading conclusion that at the wheel-hop frequency,
motions of the sprung and unsprung masses are uncoupled, and the vertical acceleration of the sprung mass
will be unaffected [10,11]. For a two-degree-of-freedom quarter-car model, it is pointed out in Ref. [17] that by
taking tire damping to be small but non-zero, these motions become coupled at all frequencies, and control
forces can be used to reduce the sprung mass vertical acceleration at the wheel-hop frequency. The effect of
introducing tire damping can be quite large [14].

The study of the constraints on the achievable performance has remained largely restricted to pointwise
constraints in the frequency domain (and quarter-car models) while ride comfort and safety criteria are mostly
expressed in terms of the root-mean-square (rms) values of the sprung mass vertical acceleration, the
suspension travels, and the tire deflections. It is generally agreed that typical road surfaces may be considered
as realizations of homogeneous and isotropic two-dimensional Gaussian random processes and these
assumptions make it possible to completely describe a road profile by a single power spectral density evaluated
from any longitudinal track. Then, the spectral description of the road, together with a knowledge of traversal
velocity and of the dynamic properties of the vehicle, provide a response analysis which will describe the
response of the vehicle expressed in terms of displacement, acceleration, or stress.

This paper is organized as follows. In Section 2, a four-degree-of-freedom half-car model is reviewed. In
Section 3, first, assuming that tire damping is known, a multi-objective suspension control problem is
formulated and solved by using linear matrix inequalities. The control objective is to decrease the rms vertical
and the pitch accelerations while keeping the rms gain of the suspension travels bounded. This is the well-
known ride comfort-road-holding trade-off experienced in the design of active suspension systems. The
influence of tire damping on the solution of this optimization problem is studied; it is observed that tire
damping affects only the road-holding quality while the remaining responses are insensitive to changes of
tire damping coefficients in the range considered. Next, in Section 3.2, the assumption that tire damping
coefficients are known is dropped and a multi-objective control problem for suspension models with tire
damping coefficients confined to a prescribed box is formulated. By using linear matrix inequalities, a robust
controller with guaranteed performance over all suspension models in the uncertainty set is obtained. The
closed-loop performance of the designed suspension system is studied; and it is found that this robust
controller does not offer any advantage over an active suspension system designed by neglecting tire damping.
The paper is concluded by Section 4.

Multi-objective control of vehicle suspensions by using linear matrix inequalities is not new. In Ref. [8], a
constrained H1 control scheme with output and control constraints were studied. In Ref. [18], problems with
H2 or H1 cost under positive realness constraint on controller structures were considered. The control
objectives similar to those in this paper were studied in Ref. [19]. Robust multi-objective controllers were
synthesized in Refs. [20,21] to cope with parameter uncertainties in system matrices characterized by a given
polytope.

2. The half-car model

A four degree-of-freedom half-car model is shown in Fig. 1. In this model, the car body is represented by the
sprung mass ms and the pitch moment of inertia Ip, and the front and the rear wheels are represented by the
unsprung masses mu1 and mu2, respectively. The suspension system consists of two actuators u1 and u2 in
parallel with the linear passive suspension elements ks1 and cs1 and ks2 and cs2. Each tire is modeled by a simple
linear spring kt1 or kt2 in parallel with a linear damping element ct1 or ct2. The variables xG and y stand for the
vertical displacement at the center of gravity and the pitch angle of the sprung mass, respectively. The front
and the rear road disturbances and their time derivatives are denoted, respectively, by w1;w2; v1; v2 and the
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Fig. 1. The half-car model of the vehicle.

Table 1

The vehicle system parameters for the half-car model.

Sprung mass ms 500 kg

Pitch moment of inertia Ip 2700kgm2

Unsprung masses mu1;mu2 36 kg

Damping coefficients cs1; cs2 980N sm�1

Suspension stiffnesses ks1; ks2 16; 000Nm�1

Tire stiffnesses kt1; kt2 160; 000Nm�1

Distance of front axle to sprung mass c.g. l1 1.5m

Distance of rear axle to sprung mass c.g. l2 2.5m
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control inputs are the actuator forces u1 and u2. The variables x1; x2, x3, x4, w1, and w2 are measured with
respect to an inertial frame. The parameter values which are typical for a lightly damped passenger car, except
ct1 and ct2, chosen for this study are shown in Table 1.

Assuming that the tires behave as point-contact followers that are in contact with the road at all times, the
equations of motion take the following form:

ms €xG ¼ �ks1ðx1 � x3Þ � cs1ð _x1 � _x3Þ � ks2ðx2 � x4Þ � cs2ð _x2 � _x4Þ � u1 � u2, (1)

Ip
€y ¼ � l1ks1ðx1 � x3Þ � l1cs1ð _x1 � _x3Þ þ l2ks2ðx2 � x4Þ þ l2cs2ð _x2 � _x4Þ � l1u1 þ l2u2, (2)

mu1 €x3 ¼ ks1ðx1 � x3Þ þ cs1ð _x1 � _x3Þ þ u1 � kt1ðx3 � w1Þ � ct1ð _x3 � _w1Þ, (3)

mu2 €x4 ¼ ks2ðx2 � x4Þ þ cs2ð _x2 � _x4Þ þ u2 � kt2ðx4 � w2Þ � ct2ð _x4 � _w2Þ. (4)

The displacements at the front and the rear wheels of the vehicle are related to xG and y by

x1

x2

" #
¼ S

xG

y

� �
,
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where

S ¼
1 l1

1 �l2

" #
.

It will be more convenient to define a new set of state variables in terms of the old state variables and the
disturbances as follows:

x̃1 ¼ x1 � x3; x̃2 ¼ x2 � x4; x̃3 ¼ x3 � w1; x̃4 ¼ x4 � w2,

x̃5 ¼ _x1; x̃6 ¼ _x2; x̃7 ¼ _x3; x̃8 ¼ _x4. (5)

Let

u ¼ ½u1 u2�
T,

w ¼ ½w1 w2�
T,

v ¼ ½v1 v2�
T,

Ms ¼ diagðms; IpÞ,

Ks ¼ diagðks1; ks2Þ,

Cs ¼ diagðcs1; cs2Þ,

Mu ¼ diagðmu1;mu2Þ,

Kt ¼ diagðkt1; kt2Þ,

Ct ¼ diagðct1; ct2Þ,

where the MATLAB notation is adopted. Then, the equations of motion can be put into the state-space form

_̃x ¼ Ax̃þ B1vþ B2u, (6)

where

A ¼
04�4

I2 �I2

02�2 I2

K C

264
375, (7)

B1 ¼

02�2

�I2

N

264
375,

B2 ¼
04�2

W

� �
,

K ¼ �
SM�1s STKs 02�2

�M�1u Ks M�1u Kt

" #
,

C ¼ �
SM�1s STCs 02�2

�M�1u Cs M�1u ðCs þ CtÞ

" #
,

N ¼
02�2

M�1u Ct

" #
,



ARTICLE IN PRESS
H. Akc-ay, S. Türkay / Journal of Sound and Vibration 322 (2009) 15–28 19
W ¼
�SM�1s ST

M�1u

" #
, (8)

and 0m�n and In denote, respectively, m by n matrix of zeros and the n by n identity matrix.
The objective of this paper is to study the multi-objective control of a half-car active suspension system

excited by random road disturbances. The vehicle response variables that need to be examined are the heave
and the pitch accelerations of the sprung mass as indicators of the vibration isolation, the suspension travels as
measures of the rattling space, and the tire deflections as indicators of the road-holding characteristic of the
vehicle. These variables stacked in the variable z can be written in terms of the state variables and the control
inputs as

z ¼ ðex1 ex2 ex3 ex4 €xG
€yÞT. (9)

By using state-space parameters, z can be written compactly as follows:

z ¼ C1x̃þD1u, (10)

where

C1 ¼
I4 04�4

�M�1s ST½Ks 02�2 Cs� 02�2

" #
,

D1 ¼
04�2

�M�1s ST

" #
.

For the design of a feedback law, the suspension travel measurements:

y ¼ C2x̂ (11)

will be considered where

C2 ¼ ½I2 02�6�.

The derivative of the road roughness is most commonly specified as a random process m
ffiffiffiffi
V
p

ZðtÞ where V is
the vehicle’s forward velocity, m is the road roughness coefficient, and ZðtÞ is unit-intensity white-noise process.
In this study, V and m are fixed as V ¼ 20m=s and m ¼ 0:0027. Thus, the covariance function of v denoted by
Rv satisfies

RvðtÞ ¼ m2VI2dðtÞ, (12)

where dðtÞ is the unit impulse function.
Passenger comfort requires the rms body accelerations be as small as possible while compactness of the

rattle space, good handling characteristics, and improved road-holding quality require the suspension travels
and the tire deflections to be kept as small as possible. It is a well-known fact [9] that these objectives cannot be
met simultaneously with a passive suspension system.
3. Multi-objective control of vehicle suspension systems

The primary goal of active suspension design is to improve ride comfort by making the heave and the pitch
accelerations of the car body as small as possible while keeping the suspension travels below the maximum
allowable suspension stroke to prevent excessive suspension bottoming, which can result in structural damage
and deterioration of ride comfort. The dynamic tire loads should not exceed the static ones in order to ensure a
firm uninterrupted contact of wheels to road. Meanwhile, active forces should be amplitude bounded to avoid
actuator saturations. Thus, the design of active suspension system is a multi-objective control problem in
which the strategy is to reduce the accelerations while keeping the constraints satisfied. Many other constraints
can also be taken into consideration. However, the above constraints reveal all fundamental design trade-offs.
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In this paper, first the following dynamic output feedback structure:

_xc ¼ AFxc þ BFy, (13)

u ¼ CFxc þDFy (14)

will be considered where the state-space parameters AF, BF, CF, DF of the transfer matrix: FðsÞ ¼

CFðsI� AFÞ
�1BF þDF are to be determined. The feedback configuration of the generalized plant defined by

(15)

which maps the pair of inputs ½vT uT�T to the pair of outputs ½zT yT�T and FðsÞ is shown in Fig. 2.
Let TzvðsÞ denote the closed-loop transfer function from v to z. The design specifications mentioned above

can be cast into the optimization problem:

JðLÞ ¼ min
F2RH1

kKTzvk
2
2, (16)

where RH1 is the set of real-rational transfer matrices which are analytic on the closed-right half-plane and
the weighting matrix K ¼ diagðL1; . . . ;L6Þ has non-negative entries. Note from the definition of the H2-norm
and the fact that the power spectrum of v denoted bySvðjoÞ satisfiesSvðjoÞ ¼ m2VI2 for all o, Eq. (16) can be
written as

JðKÞ ¼ min
F2RH1

1

2p

Z 1
�1

TrfKTzvðjoÞT�zvðjoÞKgdo

¼ ðm2V Þ�1 min
F2RH1

X6
k¼1

L2
k

2p

Z 1
�1

T�zkv
ðjoÞSvðjoÞTzkvðjoÞdo

¼ ðm2V Þ�1 min
F2RH1

X6
k¼1

L2
k E½zk�

2,

where H�ðsÞ ¼ HTð�sÞ, EðaÞ is the expected value of a given random variable a, and TrðXÞ denotes the trace of
a given square matrix X. Hence, the optimal control inputs minimize a weighted combination of the squared
rms values of the outputs.

By allowing only a few of the weights in Eq. (16) to be non-zero, it is conceivable to make the heave and the
pitch accelerations of the body arbitrarily close to zero at the expense of increasing the suspension travels and
the tire deflections. To respect the trade-offs, in Eq. (16) non-zero weights are assigned to the suspension
travels. In addition, an rms gain constraint on the tire deflections:

kWTzvk1og; g40, (17)

where W ¼ diagð02�2; I2; 02�2Þ is imposed and L3 ¼ L4 ¼ 0 is set in Eq. (16). This rms gain constraint shapes
the optimal solution. The multi-objective control design problem can be summarized as follows:

For given numbers g40, Lk ¼ 0 for k ¼ 3; 4 and Lk40 otherwise, design an output-feedback controller

u ¼ FðsÞy that satisfies kWTzvk1og and minimizes kKTzvk
2
2.
v z

yGu

K

Fig. 2. Standard block diagram.
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Some control design requirements were expressed in the time domain. The multi-objective control problem,
on the other hand, has the control objective and the constraint in the frequency domain. A linear matrix
inequality based solution will be presented. This formalism readily encompasses time-domain constraints at a
price of conservatism. By tuning the parameters g and K, the solution of the above design problem can be
adjusted to satisfy time-domain constraints. In the next subsection, guidelines will be provided how to choose
these tuning parameters.
3.1. A linear matrix inequality based solution

Let Gzkv denote the open-loop transfer function from v to zk, i.e., the kth row of G11 in Eq. (15). The
weighting matrix K and the upper bound g of the multi-objective control problem are chosen as follows. In
Eqs. (3) and (4), assume ct1 is equal to ct2 and denote the common value by ct. Then, given ct compute kGzkvk2
for k ¼ 1; 2; 5; 6 and kWG11k1. Now, for some positive parameters r1 and r2 set Lk ¼ kGzkvk

�1
2 r1 for

k ¼ 1; 2, Lk ¼ kGzkvk
�1
2 for k ¼ 5; 6, and g ¼ kWG11k1r2. By these scalings, the solution of the optimization

problem can be monitored with respect to the passive suspension. The parameter r1 controls the trade-offs
between the suspension travels and the sprung mass accelerations while r2 controls the trade-offs between the
tire deflections and the sprung mass accelerations. The optimization algorithm is implemented by the
hinfmix command of MATLAB’s LMI Control Toolbox [22]. This command produces a controller of
degree which is equal to that of the plant.

In Figs. 3 and 4, the rms values of zk, k ¼ 1; . . . ; 6 of a vehicle traveling with a speed of 20m/s subjected to
white-noise velocity excitations are plotted as functions of tire damping coefficient for both the passive and the
active suspension systems designed with r1 ¼ 0:1 and r2 ¼ 1:5 using the suspension travel measurements. As
expected, the trade-offs among the vertical acceleration, the pitch acceleration, the suspension travels, and the
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Fig. 3. The rms values of the suspension travels and the tire deflections of the vehicle subjected to white-noise velocity road inputs as

functions of ct: (-) passive suspension (front); (- -) passive suspension (rear); (-.) active suspension (front); (:) active suspension (rear) with

r1 ¼ 0:1 and r2 ¼ 1:5 using the suspension travel measurements.
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Fig. 4. The rms values of the vertical and the pitch accelerations of the vehicle subjected to white-noise velocity road inputs as functions of

ct: (-) passive suspension; (-.) active suspension with r1 ¼ 0:1 and r2 ¼ 1:5 using the suspension travel measurements.
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tire deflections are notable. In particular, both the vertical and the pitch accelerations are dramatically reduced
while the suspension travels are increased by about 60% and the rms tire deflections are slightly increased by
about 4%. The rms values of u1 and u2 plotted in Fig. 6 for 0pctp100 show that actuator saturations are not
likely to occur. In Fig. 5, the rms gain of the tire deflections is plotted versus tire damping. The rms gain was
computed with the formula kWTzwk1 instead of kWTzvk1 since the former more realistically quantifies tire
deflection sensitivity to road roughness. The rms values and the rms gain of the tire deflections decrease both
for the passive and the active suspensions as tire damping is increased from 0 to 100 while the remaining
responses decrease very slowly. In fact, the decreases by percentage are 4.1 and 4.2 for the rms passive
suspension tire deflections (front and rear), 4.7 and 4.9 for the rms active suspension tire deflections (front and
rear), 8.7 for the rms gain of the passive suspension tire deflections, 9.0 for the rms gain of the active
suspension tire deflections, 0.4 and 0.6 for the rms passive suspension travels (front and rear), 0.15 and 0.2 for
the rms active suspension travels (front and rear), 0.7 for the passive suspension rms vertical acceleration, 0.2
for the active suspension rms vertical acceleration, 0.6 for the passive suspension rms pitch acceleration, and
0.07 for the active suspension rms pitch acceleration (Fig. 6).

To improve the suspension travel and the tire deflection responses, this design procedure is next repeated
with r1 ¼ 1 and r2 ¼ 1. From Figs. 7 and 8, it is seen that the rms values of the suspension travels, the tire
deflections, the vertical and the pitch accelerations are reduced by about 12%, 3%, 50%, and 45%,
respectively, with respect to the passive suspension. From Fig. 9, the rms gain of the tire deflections is seen to
be reduced by about 4% in comparison to the passive suspension. Note from Fig. 10 that the rms values of the
control inputs are about 40% of the rms values in the previous case. Thus, the new design is clearly better than
the previous one. As noted earlier, only road-holding quality is notably influenced by tire damping. As a
matter of fact, the decreases by percentage are 4.1 and 4.2 for the rms passive suspension tire deflections (front
and rear), 4.0 and 4.0 for the rms active suspension tire deflections (front and rear), 8.7 for the rms gain of the
passive suspension tire deflections, 8.0 for the rms gain of the active suspension tire deflections, 0.4 and 0.6 for
the rms passive suspension travels (front and rear), 0.5 and 0.7 for the rms active suspension travels (front and
rear), 0.7 for the passive suspension rms vertical acceleration, 0.6 for the active suspension rms vertical
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acceleration, 0.6 for the passive suspension rms pitch acceleration, and 0.45 for the active suspension rms pitch
acceleration.

Based on these observations, it can safely be said that, with the half-car model and the road excitation
model in Eq. (12) only road-holding quality is influenced to some extent by tire damping in both the passive



ARTICLE IN PRESS

0 20 40 60 80 100
4.4

4.6

4.8

5

5.2

5.4

5.6

5.8

6
x 10−3

Tire damping

R
m

s 
su

sp
en

si
on

 tr
av

el
s

0 20 40 60 80 100
1.6

1.62

1.64

1.66

1.68

1.7

1.72

1.74
x 10−3

Tire damping

R
m

s 
tir

e 
de

fle
ct

io
ns

Fig. 7. The rms values of the suspension travels and the tire deflections of the vehicle subjected to white-noise velocity road inputs as

functions of ct: (-) passive suspension (front); (- -) passive suspension (rear); (-.) active suspension (front); (:) active suspension (rear) with

r1 ¼ 1 and r2 ¼ 1 using the suspension travel measurements.
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and the active suspension systems. The influence of tire damping on a quarter-car model was investigated in
Ref. [23] and it was observed that tire damping significantly reduced all the rms values and the tire deflection
rms gains both for the active and the passive suspensions.

It should be noted that the above conclusion was drawn explicitly for the road excitation model in Eq. (12).
As the vehicle travels straight on random road profile with a constant forward velocity V a correlation
between the front and the rear inputs of the vehicle is induced. The rear wheel is subject to the same road input
as the front wheel; but with a time delay Td :

w2ðtÞ ¼ w1ðt� TdÞ, (18)

where Td ¼ ðl1 þ l2Þ=V and ðl1 þ l2Þ is the wheel base of the vehicle. For control purposes, the pure time delay
between the front and the rear inputs may be represented by a finite-dimensional (Pade) approximation. Then,
w2ðtÞ disappears as a variable and the problem can be treated in the same way as in the single input case, as far
as the rms responses of the vehicle are concerned. A second-order Pade approximation is accurate enough
since the vehicle frequency responses and measured road spectra quickly roll off. In Ref. [24], assuming that
the road excitation at the front wheel is modeled by a first-order linear shape filter driven by white-noise input
and the excitation at the rear wheel is as in Eq. (18), analogous results to Ref. [23] were obtained.

The excitation model in Eq. (12) presumes that the velocities v1 and v2 are uncorrelated. This assumption is
hardly justifiable; however, it guarantees simultaneous excitation of the heave and the pitch motions of the car
body. The results in this section show that the body pitch significantly impacts the closed-loop performance of
the active suspension system. In other words, decomposition of a half-car model into two independent
quarter-car models by a linear transformation is not realistic for a study of the performance limitations and
the trade-offs.

The multi-objective control problem and consequently its solution depend on the uncertain parameters ct1

and ct2. The purpose of this subsection was to examine the influence of tire damping on active suspension
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Fig. 8. The rms values of the vertical and the pitch accelerations of the vehicle subjected to white-noise velocity road inputs as functions of

ct: (-) passive suspension; (-.) active suspension with r1 ¼ 1 and r2 ¼ 1 using the suspension travel measurements.
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Fig. 9. kWTzwk1 as a function of ct: (-) passive suspension; (-.) active suspension with r1 ¼ 1 and r2 ¼ 1 using the suspension travel

measurements.
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design using linear matrix inequalities. For a given range of tire damping coefficients, it was observed that only
road-holding quality was influenced to some extent by tire damping while the rest of the responses were
slightly affected. In addition, precise knowledge of tire damping is an unrealistic assumption. In the next



ARTICLE IN PRESS

0 10 20 30 40 50 60 70 80 90 100
46

47

48

49

50

51

52

53

54

Tire damping

R
m

s 
co

nt
ro

l i
np

ut
s
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subsection, this assumption will be relaxed and a robust multi-objective suspension control problem will be
formulated.
3.2. Polytopic vehicle suspension models

The multi-objective control problem solved in Section 3.1 assumes exact values of the tire damping
coefficients, which are difficult to estimate since they depend on many factors and vary during ride. In this
subsection, assuming that ctk, k ¼ 1; 2 take values in some prescribed intervals ½ak;bk� a multi-objective
controller with guaranteed performance for all possible values of tire damping coefficients will be designed.
Note that this uncertainty structure allows fast variations of the tire damping coefficients.

Let A0 and B0
1 denote the matrices A and B1 in Eqs. (7) and (8) evaluated at ct1 ¼ ct2 ¼ 0 and let

Ak
¼ dA=dctk, Bk

1 ¼ dB1=dctk, k ¼ 1; 2. Define three vertex systems by the quadruplets P0 ¼

ðA0; ½B0
1 B2�; ½C1;C2�; ½0 D1; 0 0�Þ and Pk ¼ ðA

k; ½Bk
1 0�; 0; 0Þ, k ¼ 1; 2. Then, the quadruplet P formed

conformally with P0, P1, and P2 and describing the system studied in Section 3.1 can be written as

P ¼ P0 þ ct1P1 þ ct2P2; ctk 2 ½ak; bk�; k ¼ 1; 2, (19)

which is a box in the Euclidean space of the state-space parameters. Then, the robust multi-objective control
design problem is:

For given numbers g40, Lk ¼ 0 for k ¼ 3; 4 and Lk40 otherwise and all P in Eq. (19), design a state-

feedback controller u ¼ F0x̃ that satisfies kWTzvk1og and minimizes kKTzvk
2
2.

Again, this optimization problem can be solved by using linear matrix inequalities. Its solution is
implemented by the msfsyn command in MATLAB’s LMI Toolbox [22]. For illustration, suppose ak ¼ 0
and bk ¼ 100 for k ¼ 1; 2. The same formulas for Lk, k ¼ 1; . . . ; 6 and g proposed in Section 3.1 can be used
provided that the scalings kGzkvk are computed with fixed ct1 and ct2. For the computations, ct1 ¼ ct2 ¼ 0 were
picked and the above optimization problem was solved. Let F0 denote the solution which depends on the
scalings r1 and r2. Using the same msfsyn command with the uncertainty set P0, which is a singleton, and the
same weights, another controller denoted by F̄0 was obtained.
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In order to see how the robust controller is performing against F̄0, fix ct1 and ct2 and denote the
corresponding system in Eq. (19) by Pt. Then, compute the closed-loop responses of Pt using the controllers
F̄0 and F0 with a range of values for r1 and r2. It has been observed that the two response sets are almost
identical in all cases. For example, when r1 ¼ r2 ¼ 1, the rms vertical accelerations are 0.10145 with F0 and
0.10160 with F̄0 corresponding to ct1 ¼ ct2 ¼ 100. The last result suggests neglecting tire damping in the design
of active suspension systems for half-car models when it is difficult to estimate tire damping coefficients.
4. Conclusions

In this paper, multi-objective control of a half-car suspension system using linear matrix inequalities was
studied. It was observed that when the tire damping coefficients are precisely estimated, their values affect to
some extent only road-holding quality. In the absence of this information, a robust controller was synthesized
for a suspension system with polytopic tire damping uncertainties. This robust controller synthesis was seen
not to offer any advantage over an active suspension system designed by neglecting tire damping. The last
result is in sharp contrast with a conclusion in Ref. [23] drawn for a robustly controlled quarter-car active
suspension system. A possible mechanism for this discrepancy is the body pitch which does not allow
decomposition of the half-car model in Fig. 1 into two independent quarter-car models by coupling their
vertical motions. In a multi-input/multi-output framework, the study of achievable performance for half-car
active suspensions remains future work.
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